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1. Let S = {1, 2} be the state space of a Markov chain X = (X,,),>0, with transition matrix:

0.5 0.5
P= [0.3 0.7}

Let the initial distribution of the Markov chain be given by u = [
P[Xy = 2] =0.5.

0.5] .
005], ie. P[Xo=1] =

(a) Find eigenvalues A1, A2 € R and eigenvectors vy, vo € R? of the matrix P,
i.e. Pvy = A\v1; and Puvg = Aqus.

ind the matrices V' an —+, such that Tt =1y, an
b) Find th ices V and V!, such that VV~! = I, and

[ VI b
p_v[o )\2]1/ ,

where I, denotes the 2 x 2 identity matrix, and V! is the inverse of matrix V.

(c) Let p, denote the law of X,, ie. P[X, = 1] = p,(1) and P[X,, = 2] = un(2).
Compute
P" and then p, :=pu'P".

(d) Compute
P> := lim P" and p) := p"P® = lim pu'P™.

n—o0 n—oo

Then deduce that

. 3 .
nh_)rgOIP’[Xn =1]= 3 and nh_{EoP[X" =2|= 3
(e) Verify that ul.P = ul.
(f) Assume that P[Xy = 1] = 2 and P[X, = 2] = 2, prove that
5

PlX; = 1] = g and X, =2 = _.

/8

(Remark: the measure (vector) pioo = (?) I8

Markov chain.)

) is called the invariant measure of the



Solution

1.

(a) The characteristic equation is

0.5—A 0.5
0.3 0.7— A

= (2A — 2)(0.5A — 0.1) = 0

det(P — )\IQ) =

Then
A =1, Ay = 0.2.

[

(P—=AR)v=0

s s o] = 1ol

Solving above equation system, we have x = y. Hence the corresponding eigenvector

is
U_l
1= 14|

o3 03) 1) = o

which implies that y = —0.62. It follows that the corresponding eigenvector is

Thus, the eigenvalues are 1 and 0.2.
Let

Substitute A = 1 in the equation:

yields

For A = 0.2, we have

w1
7 |-06]"

Let

Then
1 —-0.6 -1

-1 _ _

V=16 [—1 1]
Note that

0.5 0.5] |1 1 1 0.2

PV = {0.3 0.7] L —0.6] o [1 —0.12]

and

pA 0]t 1] o0]_[roo02
0 X |1 —06]]0 02] |0 —0.12



Hence

- A O
vy 0]
and
_ A 0 1
P—V[O )\2:|V .
Let

C[xo0] oo
o=y vl=l6 o)
Applying result from (b), we have
pr=vDpv-lvpv-l...vpyv—l=vprv!

- E —(1).6] [1(: (og)“} <_%) {_—Of _11}

1 [ 0.6+ (0.2  1-—(0.2)" }

1.6 (0.6 —0.6(0.2)" 1+ 0.6(0.2)"
1 0.6+ (0.2)»  1—(0.2)" 1
Tpn _ —
pobt =15 105 05) [0.6—0.6(0.2)” 1+0.6(0.2)" ~ 1.6
Using the fact that
lim (0.2)" =0
n——ao0
to derive . . s
o . 1 n_ 1106 1] |5 3
P=e= lm PP=15 {0.6 1} - E E}
T T 3 2 3 5
fioo == P =105 0.5] [g g] =[3 3]
8 8
Hence 3
. . T _9
Jim PLXy = 1] = peo(1) = ¢
and .
lim P[X, =2] = pul (2) = =.
n—oo 8
0.5 0.5
T 3 5 3 51 _,T
foo P = [§ g] [0'3 0.7} = [§ E] Hoo-
Given
3 )
Then
Xo ~ i

Applying (e), we have

= —[0.6+0.2(0.2)" 1-0.2(0.2)"]



